J. DIFFERENTIAL GEOMETRY
34 (1991) 169-174

ESTIMATE OF THE SINGULAR SET
OF THE EVOLUTION PROBLEM
FOR HARMONIC MAPS

XIAOXI CHENG

1. Introduction

Let .# ,.# be Riemannian manifolds of dimensions m,n (m > 2)
with metrics y, g respectively. We consider the evolution of harmonic
maps [3, (1.4)], [1,(1.6), (1.7)]:

(11) atu_A/u'i'r/V(u)(vu’ Vu)/ =0’ u|t=0=u0'

M. Struwe proved the following theorem.
[3, Theorem 6.1]. . Suppose u: R xR . — A isthelimit of a sequence
u, of regular solutions to (1.1), with finite energy

Eu, () <Ey<oc, VkeNandt>0

in the sense that E(u(t)) < E, almost everywhere and that Vu, — Vu
weakly in LZ(Q) for any compact Q C R™ x R, . Then u solves (1.1) in
the classical sense and is regular on a dense open subset of R™ x R . Whose
complement X has locally finite m-dimensional Hausdorff measure (with
respect to the parabolic metric).

Here we give a better estimate on the singular set X.

Theorem. If ¢, > 0, then EN(R™ x{t,}) has finite (m—2)-dimensional
Hausdorff measure.

Remarks. In[1], with a general m-dimensional Riemannian manifold
4 replacing R™, Y. Chen and M. Struwe proved the existence of a solu-
tion to (1.1), which satisfies all the above conditions of [3, Theorem 6.1].
Here E| is the energy of the initial map u(-, 0).

In the case m = 2, M. Struwe [2] proved that X consists of at most
finitely many points of .# x R "
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_ 2, Notation
We follow Struwe’s notation. Let z = (x, ¢) denote points in R”
R, . For a distinguished point z, = (x;, %), R > 0, let By(x,)
{x:|x — xy| < R} be a Euclidean ball centered at x,. Also let Ty(¢,) =
{z=(x,0)|t,—4R* <t <ty — R*} and Si(ty) = {z(x, 1): |t = t, — R*}.
Define the fundamental solution

X

_ 1 _x - x0|2
Gzo(z) = —__——(471(t0 — t))m/2 exp ( ——4(10 — t)) , t<t,.

In [3], Struwe proved that

Z=ﬂ{zoeRme+

liminf IVuk|2GZO dxdt > 60} ,
R>0

k—oo Ty(ty)

where €, is the constant determined in Theorem 5.1 of [3]. Moreover, X
is a closed set by Theorem 6.1 of [3].
Let

liminf Vi ' G,

se={x,eR" dxdt>e, s,
R {o koo 1) X5 1) 0

and let X = (N, ,Z2; then X = U,,»0Z". For the theorem we will
actually show that

H"™*(2°) < C(ty),
where C(t,) is a finite number depending only on the time t, (as well as
the target manifold .#", the dimension 2, and the energy bound E| ).

3. Proof of Theorem

Lemma 1 [3, (54") and (5.4")]. For € > 0, one has on Tg(t,) the
estimate

R™ Sfor all x,

G (x,1)< .
zo( ) { GGZU+(0,RZ)('X’ t) lflx —XOI > K(€)R,

where K(€) depends only on € and m.
Proof. Forany (x, t) in Tg(Z,),

1 Ix — x| 1
G, =——— —exp| 0| < —.
o (4n(ty, — )™ p( 4(to—t)) R™
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In the case |x — x,| > K(€)R, we can estimate

G, (ty—t+RH™? x - x,|° x — x,°
= exp -
G 4(

0By (=0 t,—t+RY 4t ~1)

2 2
4([0 —-t+R )(to -1)

2 4
< 5™ exp <_%1%%) = 5" exp(—K’()/80) < ¢

for a suitable K(¢).

Lemma 2 {3, Lemma 3.2]. Let u: R” x [0, T] — A4 be a regular
solution to (1.1) with |Vu(x, t)] < ¢ < oo uniformly. Then for any z, =
(x5, t,) €R™ x (0, T) the function

1

coy o 1p2 2
CDZO(R, u) = 2R 5.0 |Vu| GZ0 dx

is nondecreasing in R for 0 < R< R, \/Q .
Lemma 3 [3, Proposition 3.3]. Let u be as in Lemma 2. T hen the
function

¥_(R,u) =/ \Vu|’G, dxdt
0 Te(ty) 0

is nondecreasing in R for 0 < R < R,.
Note that Lemma 3 implies that 1f R, < R,, then Zt" C Zt"

For the proofs of Lemmas 2 and 3, see [3, Lemma 3.2 and Proposmon
3.3].
Proof of the Theorem. By Lemma 1 we obtain

/ Vu *G, dxdt < / / RV, dx dt
Tylty) :

KR (%)

LL—R
+€/ / [Vu,| G 2 dxdt
-4k Jix—x k@R~ 2ot0R)

—m [fT 2
<R |Vu,|"dxdt
o~

By r(xg)

+€/ |[Vu l G 2, dxdt.
To(ty) k 24+, R%)
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Now applying Lemma 2 to the last term yields

e/ V4, G, o g3 dx dt
TR(ty)

t,—R* _
=e/ AR +1y= 1)@, o (YR +15— 1, w)

1,—4R?
ty—R* 5 » >
Se/to_‘m2 AR +1,-1) ‘Dzo+(o,R2)(\/‘o+R , Uy ) dt
2\ 1-m/2 2 R -1
€ty + RY) {/mkal dx|,=0}/ (R 41—
R fy—4R
1-m/2 1

e(t, +R2)1_m/2E log5/2 < ety "°E, < 7€0

for € sufficiently small depending on E;,, m, and f,. So we have

/ |Vuk| G, dxdt<—eO+R / / |Vuk|2dxdt.
Tx(ty) —4r? JB

k& (%)

Now K depends on ¢,, E,, m, ./, and ¢,.
If x, € zjg , then

o < liminf |Vuk|2Gz0 dxdt

k— o0 )

< e 4liminfR™ / / Vu, P dx dt,
k—oo —4R? JB, o (x,)

[T
a
o

and therefore

60 k— oo

m 2. . tORZ 2
R” < —liminf / |Vu,|"dxdz.
? xr{%o)

Observe that the family & = {B(x,)|(x, € Z§} covers 3 N F for
compact F C R™, so there is a finite subfamily &' = {Bxg(x;)} such

that any two balls in & are disjoint and that {Bsxr(x;)} covers Z;g nNF.
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Thus,
T (5KR)" = (5K)"Z,R

< (5K) Z 11m1nf / / ]Vukizdxdt
~4R? KR(x

k—o0 60

k— o0

< C(5K)" liminfX, / {Vuk| dxdt
KR(x

t,—~R*
< C(5K)" liminf [ \Vu,[* dx dt

k—oo Jy -ar? JR™

t,—R?

<cisky" [ E, dt < C5K)"E, - 3R,
t,—4R? 0

0

and therefore
Y (5KR)"? < C(SK)"’E,
7
Hence,

H" (=0 F)
. . X, {diam Ai m=2 t
—}%{1nf{wm_2§< > > ‘Z nk
C UA,., diam 4, < r}}
i=1

. -2
<lima, ;> (SKR)"™ < Clt),
J

where C(t)) = ®,,_,C(5K)"’E,, and @ _, is the volume of the unit
ball in R" 2,
Since F is arbitrary, we obtain the desired result:
H" 2 (20) < C(¢,). q.ed.
Examining the specific dependence of C(ty) on t, aswellas &, m,
and E,, we see that
C(ty) < C,(C, —logt,) " 272,

where C, and C, are positive constants depending only on .#", m, and
E, . Struwe [3] has observed that =% is actually empty for ty > T, , where
T, is a positive constant depending only on .#°, m, and E;.
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As in [1], the above estimate continues to hold. We then conclude:

For any smooth u,. £ — A", there exists a global weak solution u:
M xR, — AN of the evolution problem for harmonic maps (1.1). u is
regular off a singular closed set T C # xR _, and ZN(# x{t,}) has finite
(m — 2)-dimensional Hausdorff measure.
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